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CHAPTER I. 

COORDINATES. 

1. If in a plane two fixed straight lines X OX', YOY' 
be taken, and through any point P in the plane the two 
straight lines PM, PL be drawn parallel to XOX', TOY' 
respectively; the position of the point P can be found 



when the lengths of the lines PM, PL are given. For we 
have only to take OL , OM equal respectively to the 
known lines MP, LP and complete the parallelogram 
LOMP . 

The lengths MP and LP, or OL and OM, which thus 
define the position of the point P with reference to the 
lines OX, uY are called the co-ordinaies of the point P 
with reference to the axes OX, OY. The point of inter- 
section of the axes is called the origin. When the angle 
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between the axes* is a right angle the axes are said to be 
rectangular ; when the angle between the axes is not a 
right angle the axes are said to be oblique. 

OL is generally called the abscissa, and LP the 
ordinate ot the point P, 

The co-ordinate winch is measured along the a^is OX 
is denoted by the letter x , and that measured alo^g the 
axis OF by the letter ?/. If, in the figure, OL be a units 
of length and OM be 6; then at the point P, x = a, and 
y = b, and the point is for shortness often called the point 
(a, b). 

2. Let OM' be taken equal in length to OM , and OL ' 
equal to OL , and through M\ L draw lines parallel to the 
axes, as in the figure to Art. 1. Then the co-ordinates of 
the three points Q, R, 8 will be equal in magnitude to 
those of P. Hence it is not sufficient to know the lengths 
of the lines OL , LP, we must also know the directions in 
which they are measured. 

If lines measuied in one direction be taken as positive, 
lines measured in the opposite direction must be taken as 
negative. We shall consider lines measured in the di- 
rections OX or OY to be positive, those therefore in the 
directions OX’ or OY' must be considered negative. 

We are now able to distinguish between the co-ordi- 
nates of the points P , Q, li, S. The co-ordinates of R are 
OL', L'R , and these are both measured in the negative 
direction; so that, if the co-ordinates of P be a , b, those of 
R will be — a, — b. The co-ordinates of S will be a, —b; 
and those of Q will be — a, b. 

Thus P , Q, R t 8 are respectively the points (a, b ), (-a, b), (-a, -b) 
and (a, -b); also L, M , L\ M f are the points (a, 0), (0, 6), (- a 0). 
(0, -b). 

When the co-ordinates of a point are supposed to be known they are 
generally represented, as in Algebra, hy the earlier letters of the Alphabet — 
for example, (a, b), (c, d), (h, Jr), & r c . — hut when there is more than one 
known point the notation (x', y'), (x'\y n ), &c. or (jt x , yj, (x 2 , y 2 ), <fcc. 
is generally used. 
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3. It must be carefully noticed tliat ’whether a line is 
positive or negative depends on the direction m which it is 
described, and does not depend on the position of the 
origin; for example, in the figure to Art.. 1, the line LO is 
negative because the direction from L to 0 is the reverse 
of that from 0 to X. 

If any two points K , L be, taken and the distances 
OK, OL , measured from a point 0 in the line 1\ L, be a 
and b respectively, then the distance KL must be K 0 -f OL, 
or — OK + 0L y that is — a + by and this will be the case 
wherever the point 0, from which distances are measured, 
may be. 

If OA=z -3, anil OB= 4; then 

AB=AO + Oll=-OA 4 OH- - (-3) + 4 = 7. 

If 0.4 = 3, and 01i= - A- then AB- -3 + (-4).- - 7. 

The reader should illustrate this by means of a figure. 

Ex. 1. If Ay B, C, D be any four points in a straight line, then 
AB . CD + BC . AD — AC . BI>. 

Take the straight line on which the points lie as the axis of x and 
any point 0 on it for origin. Then, if OJ=.r lf 0/f = : r 2 , OC — Xz and 
Oi) = .r 4 , 



A B 

C D 

X 

0 

* p 

X 

| B C 

X 

I 

AB—AO+ 0B-- 
CD = CO + OV-- 

0 X 

= - 0 A + OB — -Xj-f x 2 , 

= - 0C+OD= - x 3 + x 4 . 

Also 

BC= -X 2 + 13 , AD=-x 1 4-x 4 , 

AC= -xj + xa and BD = -x 2 4 -x 4 . 


Hence we have to prove that 

(-Xi + a^) (-x 3 + x 4 )-t-(-x.> + x s ) (- x k + x 4 ) = ( - x^-x^) (- x 2 + x 4 ) 
iB true for all values of x lt x 2> x 3 , x 4 ; and this is easily seen. 

Ex. 2. A, B t C are any three points on a straight line and P any 
other point. Prove that 

PA2.RC + PE 2 . CM+PC2. AB + BC . CA.AB = 3. 
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4. To express the distance between two points in terms 
of their co-ordinates. 

Let P be the point (x\ 7/'), and Q the point (x", y f/ ), 
and let the axes be inclined at an angle 0 ). 



Draw PM, QL parallel to OY ’ and QR parallel to OX, 
as in the figure. 

Then OL = x", LQ = y", OM=x', MP = y\ 

By trigonometry 

PQ a = QR 2 + RP 2 - 2 QR . RP cos QRP . 

But QR = LM = OM — OL=x — 0 ", 

PP = JiP - MR = ifP - ZQ = y' - y'' t 
and angle QRP = angle OAfP = 77- - angle A r OF= tt — to, 
= (*' - *7 + (2/' “ 2/7 + 2 (*' - x") (y f - y") cos o>, 
or PQ= ±f{(x' - xj + ( 7 /'- y") 2 + 2 (x - x"){y'— y") cos g>}. 
If the axes be at right angles to one another we have 
PQ = ± V{(*' - #") 2 + (y' - y") 2 }- 
The distance of P from the origin can be obtained 
independently, or by putting x" = 0 and y" = 0 in the 
?bove formula. The result is 

OP = ± + 2 /'*+ 2^y cos a?), 

or, if the axes be rectangular, 

OP = ±f{x'* + y% 
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Except in the case of straight lines parallel to one 
of the axes, no convention is made with regard to the 
direction which is to be considered positive. We mav 
therefore suppose either PQ or QP to be positive. If 
however we have three or more points P, li ... in the 
same straight line, we must consider the same direction 
as positive throughout, so that in all cases we must have 
PQ+QR = PR. 

In the following examples the axes are rectangular. 

Ex. 1. Mark in a figure the position of the point .r — 1, ?/ = 2, and 
of the point x— -3, y = - 1 ; and shew that the distance between them 
is 5. 

Ex. 2. Find the lengths of the lines joining the following pairs 
of points: (i) (1, -1) and (-1,1); (ii) ( a , - a) and ( - b, b) ; (iii) (3,4) 
and (-1,1). 

Ex. 3. Shew that the three pointR (1, 1), (-1, -]) and (-x/3, ^3), 
arc the angular points of an equilateral triangle. 

Ex. 4. Shew that the four points (0, -1), (-2, 3), (6, 7) and (8, 3) 
are the angular points of a rectangle. 

Ex. 5. Mark in a figure the positions of the points (0, -1), (2, 1), 
(0, 3) and ( - 2, 1), and Rhew that they are at the corners of a square. 

Shew the same of the points (2, 1), (4, 3), (2, 5) and (0, 3). 

Ex. 6. Shew that the four points (2, 1), (5, 4), (4, 7) and (1, 4) are 
the angular points of a parallelogram. 

Ex. 7. If the point (x, y) he equidistant from the two points (3, 4) 
and (1, - 2), then will x + 3 y = 5. 

[Wo have 

(*-3)*+(jf-4)*=(j:-l)*+(y + 2)*; 

whence result.] 

Ex. 8. Shew that the point (7, 10) is equidistant from the three 
points (-10, -9), (32, 5) and (18, 33). 

Ex. 9. Find the point which is equidistant from (0, 0), (32, 10) and 
(42, 0). Ana. (21, - 11). 

Ex. 10. Find the lengths of the Bides of the triangle whose angular 
points are (10, 8), (13, 4) and (-4, ’8). 

Shew that (6 ‘7, 2*4) is at a distance 6 '5 from each angular point. 

An x. The Bides are 13, 12, 5« 
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5. To find the co-ordinates of a point which divides in 
a given ratio the straight line joining two given points. 

Lot tlic co-ordinates of P be tr lt y u and the co-ordi- 
nates of Q be x 2l y 2) and let 11 (.r, y) be th^ point 
which divides PQ in the ratio k x : k 2 . 



Draw PL , RN, QM parallel to the axis of y f and PST 
parallel to the axis of oc , as in the figure. 

Then LN : NM = PS : ST = PR : RQ = k x : lc z \ 
k 2 . LN — k x . NM = 0, 

* 2 (tf fa, ~^) = 0; 

+ / i \^ 2 

A’i ~t“ & 2 


or 


# = 


Similarly 


Kvi + hy* 
J k x + k 2 


The most useful case is when the line PQ is bisected : 
the co-ordinates of the point of bisection are 

£0i+O> iOji + y a ). 

If the line were cut externally in the ratio k x : —k 2 we 
should have 

LN : NM :: k x : - k u 


and therefore x =* - 1 -— 1 — 1 

JC 2 


y= 


- hy x 


k x A <2 



CO-ORDINATES 


7 


The above results are true whatever the angle between 
the co-ordinate axes may be. But in most cases formulae 
become more complicated when the axes are not at 
right angles to one another. 

We shall in future consider the axes to he at right 
angles in all cases except when, the contrary is expressly 
stated. 

Ex. 1. Find the middle point of tlio line joining (3, 1) and ( -5, 7). 

x = i{» + (“5)H-l, i/ = i(l-+7)=l. 

Ex. 2. Find the point which divides the join of (2, 3) and (.7, - 3) in 
the ratio 1 : 2. 

2 x 2 -f - G x 1 _ 3x2 F ( -- 3) x 1 _ 

x ~ rnr = 3 - v = — us - =1 - 

Ex. 3. The points A, B, C are respectively (^j, ?/,), (x 2 , y>>) and 
(■^ 3 . y.i)’ F arc the middle points of B(\ CA, AH respectively. 

Find the co-ordinates of the point G which divides DA so that 2DG = GA. 

[The co-ordinates of D are 

x = J Oa + x 3 ), y = J (i/a + ]h) • 

Hence, for G, we have 

i( ara + a 3 )x2 + a- 1 xl 
x = h Ol + X 'L + 

\ 0/2 + ?/:0 x 2 + i/i x 1 w . 

y = — — i~2 — * t + 1/2 + y 3 ) ■ 

The symmetry of this result proves that the point G is also on the 
lines KB and FG, and also that 2EG = GB and 2 FG = GG. 

The intersection of the medians of a triangle is called the centroid of 
the triangle, and we see from the above that, if (jrj, yd, y 2 ), Oat ya) 
are the angular points of a triangle, the co-ordinates of its centroid are 
lixi + xz+xn) and l (yi+y 2 +!/3)-] 

Ex. 4. Find the centroid of the triangle whose angular points are 
(-4, 6), (2, -2) and (2, 5) respectively. Ant r. (0, 3). 

Ex. 5. Find the centroid of the triangle whose angular points are 
(3, — i>), (-7, 4) and (10, -2) respectively. Ans. (2, -1). 

Ex. 6. Find the point which divides the join of (6, - 3) and (3, - G) 
in the ratio 3 : 5. Ans. (-*£■ , - xf) m 

Ex. 7. Find the point which divides the join of (2, 1) and (3, 5) 
externally in the ratio 2 ; - 3. Ans . ( 0 , - 7). 
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6. To express the area of a triangle in terms of the 
co-ordinates of its angular points. 


Let the co-ordinates of the angular points A , JB, G be 
x }i Vu x < 2 > VA au( i ,Va respectively. 



0"‘K“ L M X 


Draw the lines AIv, BL t CM parallel to the axis of y , 
as in the figure. 

A ABC - MCA K - KABL - LBCM. 

Now MCA K = A MCA + A A KM 

= IKM.MG + \KM.KA 

= lfe-«i) (ya+2/i)- 
Similarly KABL - J- (,r , - Xj) (y x + y 2 ), 
and ZJH71f = j (.r, - x.) (y, + y„) ; 

A -dfiC = i {0/ 3 + 1/,) (/'a - ■''/) + (j/i + 1/ 2 ) (&', - X a ) 

+ (^+ys)(«2-*s)) ; 

or, omitting the terms which cancel, 

A ABC I x 2 yj "I - a'jT/j X, y 8 J 



■'•o Vi, 1 | 

2/-., 1 I ■ 

y s . i ! 


The above expression for the area of a triangle will be found to be 
positheif the order of the angular points be such that in going round the 
triangle the area is always on the left hand, or if the order of description 
of the circuit ABC A is counterclockwise. Whenever on substitution a 
negative result for the area is obtained, a reverse order of proceeding 
round the triangle has been adopted. 
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7. To express the area of a quadrilateral in terms of 
the co-ordinates of its angular points in a given order. 

Let the angular points A, B, C, D, taken in order, be 
(®i, yiX 2/a), (#3, 2/s) and y A ). 



Draw AK, BL> CM> DN parallel to the axis of y, an in 
the figure. 

Then the area ABCD 

=KABL + LBCM- MCDN - NDAK . 

And, as in the preceding Article, 

KABL = £ (i/i + y 2 ) fa - #„), 

Z5GW = 4-(y a + y 5 )fa-0*), 
i/a/JiY = £ (y s + y 4 ) fa - O* 

NDA K = £ (2/4 + yi) fa - ^4). 

Hence AJSCZ = £ {(y x 4- y 2 ) fa - 4- fa + y 8 ) fa ~ a?») 

+ fa + 2/4) fa - * 4 ) 4 (2/4 4 2/1) fa - ®i)} ; 
or, omitting the terms which cancel, 

A BCD — ^ f x^y 2 — x$i 4 x 2 y$ — x^y 2 4 x s g 4 — x 4 y^x 4 g ] — . 

The area of any polygon may be found in a similar 
manner. 

[Another method is given in Art. 12.] 

The above formula, beginning with xiyz-xiVi an d changing to 
^2y3-^3//3» &c. in cyclical order, is positive if the points are taken 
round the boundary of the figure in counterclockwise order, and is 
negative for the opposite direction. 
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It should however be noticed that four points can be joined in more 
than one way, and that in the figure below the formula would give the 
difference of the actual areas of the triangles marked + and - respectively. 



Ex. 1. Find the area of the triangle whose angular points are (2, 1), 
(4, 8) and (2, 5). 

Also find the area of the triangle whose angular points aro (4, -5), 
(5, -0) and (3, 1). Ans. 4, § . 

Ex. 2. Find the area of the triangle whose angular points A, B, C 
are respectively (2, 3), (A, 5) and (f>, 2). Ans. -5. 

[The negative sign shews that AltCA is in the clockwise order of 
rotation, as will be seen if the points are plotted. In most cases only the 
absolute area is required.] 

Ex. 3. A, B, G are tho points ( - 1, 5), (3, 1) and (5, 7) respectively. 
1 ), E, F are the middle points of BC, CA, AB respectively. Prove 
aABC = 4& DEF. 

Ex. 4. Find the area of tho quadrilateral whose angular points taken 
in order are (1, 2), (6, 2), (5, 3) and (3, 4). 

Also of the quadrilateral whose angular points are (2, 2), (-2, S), 
(-3, -3) and (1, -2). Ans . V. 20. 

Ex. 5. Find the area of the quadrilateral whose angular points 
A, B , C, D taken in order are ( -4, 2), (3, -5), (1, 7) and (6, -2). 

. 4718 . 0 . 

Plot the points and draw ABCDA to illustrate the result. 

Find the area when the points are taken in the order A, B, D, C. 

Ans. 56. 

Ex. 6. The points A, B t C, D are respectively (2, 4), (3, 2), (8, 4) 
and (7, 6). Find the area of ABGD. Also by taking the points in the 
order A, C, B , D and in the order A, B, D, C prove that AB is parallel 
to CD and BC to DA. Ana. 12. 



